1. 1+ ax)(A+bx)(1+cx) =1+ (a+b)x+ x?)(1+ cx)
=1+ (a+b+c)x+ (bc+ca+ab)x?+abcx® =1+ qx? +rx® M1 expanding fully
so equating coefficients,a + b + ¢ = 0 asstated, bc +ca+ab =q,and abc =r  (*)E1 (2)
(i)
In(1+ gx% +rx%) =In((1 + ax)(1 + bx)(1 + cx)) = In(1 + ax) + In(1 + bx) + In(1 + cx)
M1 use stem M1 In manipulation

(@)? | (ax)?
2 * 3

(ax)"

— et (=) — + .-+ similar expressions inb & c

= (ax) —

M1 A1l In series

n n n n n n
Thus the coefficient of x™ is (—1)"*1 % i.e. (—1)"*1S, where S, = % (*) A1(5)
2 3\2 2 333
(i) In(1+qgx?+7rx3) =(gx? +1rx3) — (ax J;Tx (L. +3rx L.
M1 In series
_ 2 3 q’x* _ 2qrx’ _ r2x6  q3x®  3q%rx7  3qr?x® r3x° _ q*x8 _ 4q3rx°® L
=qxt rx 2 2 , Tttt 4 4
M1 expansion
Equating coefficients with those from (i), M1

—-S, =q, S3=r,and S5 = —qr, and hence S,S; = —qr = S5 as required.
Al (*) A1 (5)
(i) S, =q%r and S,Ss = —q X —qr = q?r =S, as required.
M1 M1 (*JA1 (3)

3 r3

3
(V) $28;=—q X q*r =—q°r , Sg="—q°r , 5,5, # Sy provided %;tO,i.e. r#0
B1 B1 B1
eg.a=2, b= -1, c=—-1,a+b+c=0,abc=r =2+ 0 Blany correct example

E1 justified (5)



2 (i) Let u = coshx, then Z—z = sinhx B1 (may not be explicitly stated)
sinh x _ sinh x _ 1 _ 1/2 1/2
0 J‘cosh2x - f2cosh2x—1 dx = f2u2—1 du = f\/fu—l T VZut1 du

M1 ‘double angle’

% ln|\/7u—1|

- ol

V2u-1

V2 u+1 _1

5

|+c=

V2 coshx—1
V2 coshx+1

M1 complete change of variable M1 partial fractions

— 5 InVZu+1|+¢

| + C asrequired.

M1 integration and In manipulation A1 (*) Al cso (7)

SC3 instead of M1 partial fractions, and next M1A1 if formula book used for integral

. . d
(i) Let u = sinh x , then &
dx

coshx coshx

cosh x

M1 A1l

V2

Y/
_ _ _ 2 _v2. . 1
° fcosth - f1+25inh2x X f1+2u2 u fl/z +u? 2 tan 2utc
[\ M1 M1

= g tan~! (V2 sinhx) + ¢ Al (6)
(iii) Let u = e*, then Z—Z = e* M1

0 0 e™* 1 0 coshx—sinhx
>0 Jo T du = f—OO 1+e4x dx = f—OO e X4 2% dx = 2 f—m cosh 2x d

M1 A1l [\ M1

0
B O N 1 . |V2 coshx-1 _1( 1 V2-1| V2 (-m
T2 [ (\/E smhx) l |\/_ coshx+1|] - 2{ vz \/E+1| 2 (2 )}
M1
_ V2 *
= 5 (r+2In(v2 + 1)) (*)AL(7)
Alternatively,
x du —x
Let u=e™,then — = — M1
dx
1 1 0 —e” e e* 1 oo coshx+sinhx

30 Jo 1+u? u= foo 1+e~4% T Jo em2xy g2 dx = 2 fO cosh 2x dx

M1 Al M1 M1



V2 coshx—-1

1 [x/i
S 2 V2 coshx+1

_ . *® VZ (- N
7tan1(\/§smhx)+$ln ]0=%{72(_”_ 2-1

)= 2 7wl

M1

= 2 (m+2I(VZ+1)) (*)AL(7)



3. Shortest distance between y = mx + ¢ and y? = 4ax if they do not intersect is distance
between point on parabola where the tangent has gradient m M1

and the point where the normal at that point intersects y = mx + ¢ .

=m M1

& |

. . d 1
(at?,2at) is a general point on y? = 4ax , and % = 2,50

thus the distance required is that between (%,%a) Al

i 2 = @ W _2a_ i (L 2_a)
(alternatively y* = 4ax, 2y Tx 4a,so ol m M1 to give 2 Al)

and the intersectionof y =mx + ¢ andy — a1 (x - iz) .
m m m
Solving for the intersection mx + ¢ = — (x - LZ) +24
m m m

2 2 _ 2\ _ 3 _ a(1+2m2)—m3C
(m*+ 1)m*x = a(l+2m*) —m3c so x = D and

_a(1+2m?)-m3¢c _a(1+2m?)+mc

- (m2+1)m €= (m2+1)m M1

Thus the shortest distance squared is

(a(1+2m2)—m3c a )2 (a(1+2m2)+mc 2a )2
(m2+1)m?2 m2 (m2+1)m m
1

= Er ((m?a —m3c)? + m?(—a + mc)?)

1 (mc—a)?

-t  \2(4 2y _
T (m2+1)2m* (me = a)*(m™ +m%) = (m?+1)m? M1
. . (mc-a) . *
and thus the shortest distance is —m\/m as required. (*) Al
(alternatively, using the perpendicular distance formula
a 2a a
mxgr=m e _mted | me-w
J(m?2+1) J(m?2+1) my(m?2+1)
M1 M1 (*) A1 )

The condition that they do not meet is that solving ¥y = mx + ¢ and y? = 4ax simultaneously has
no real roots.

i.,e. (mx + c)? = 4ax has no real roots,
m?x? + 2x(mc — 2a) + ¢ = 0 has no real roots,
in other words the discriminant is negative, (mc —2a)?> —m?c? <0 M1

4a%? —4mca <0, 4ala—mc) <0



soif a>0,mc>a El

If mc < a, the curve and line meet/intersect and so the shortest distance is zero. B1 (9)

(i) The shortest distance between (p,0) and y? = 4ax is either p if the closest point on
y? = 4ax to (p,0) is (0,0), oris the distance along the normal that passes through (p, 0) to the
point where it is the normal. M1

The normal at (at?,2at) is y — 2at = —t (x — at?) M1
and if this passes through (p, 0),
—2at = —t (p — at?) so p = 2a + at? Al

Thus if p —2a < 0, the only normal passing through (p,0) isy =0 M1 and so the distance is p,
ieif P<2. A1

2
If % > 2, the distance squared is (2a)? + <2a /% — 2) = 4a® + 4ap — 8a? = 4ap — 4a?

Thus the distance is 2 /a(p —a). M1 Al (7)

That is % < 2, distanceisp

> 2, distanceis 2\/a(p — a)

QI3

So for the circle, if % < 2, the distance willbe p — b if p > b, B1 and O otherwise B1 , and if
2 . . — _ . _ 2 .
-2 2, the distance will be 2 /a(p — a) — b if 4a(p —a) > b> B1 or 0 otherwise. B1 (4)

That is §< 2,if p>b distanceisp

otherwise distance is O

QI

> 2, distanceis 2\ a(p —a) — b if 4a(p — a) > b?

otherwise distance is 0



4. (i) I, = fol(y’ + ytanx)? dx

= fol(y’)2 + 2yy’tanx + y? tan® x dx

= fol(y’)2 + 2yy'tanx + y?(sec? x — 1) dx M1

= fol(}")z —y?dx + fol 2yy’tanx + y? sec? x dx Al

=1+ [y?tanx]j =1+ y?(1)tan1 —y?(0)tan0 =1+ 0— 0 = as required.

Al (*) A1
y' +ytanx)?>0=>1,=20=1>0 E1
[ =0 ifandonlyif y' + ytanx =0 Vx, 0<x <1
y'=—ytanx Vx, 0<x <1
y7’=—tanx Vx, 0<x <1 M1

Iny =In(cosx) + ¢ Vx, 0<x <1 Al
y =Acosx Vx, 0<x <1

y=0,x=1=>A4A=0 soy=0 Vx, 0<x <1 M1 A1 (9)
(ii) fol(y’ + ay tan bx)%dx = fol(y’)2 + 2ay'y tan bx + a?y? tan? bx dx
= fol(y’)2 + 2ay’y tan bx + a?y? sec? bx — a?y? dx M1

= fol(y’)2 —a’y?dx + fol 2ayy’ tanbx + a?y?sec? bx dx Al
=]+ [ay?tanbx]} A1l provided b = a Bl

[ay?tan bx]} = ay?(1)tanb — ay?(0)tanb0=0—-0=0

So J = fol(y’ + ay tan bx)?dx Al

(y' + aytanbx)? >0 andso /] >0 Al

The argument requires no discontinuity in the interval so a = b < % B1 (7)

If a = %, let y = cosax, Bl then y' = —asinax so (y')? — a?y? = a?sin? ax — a® cos? ax,
1 . . . .
and fo —a? cos 2ax dx = [—asm2ax]%) = —asinmt+asin0=0,and x =1,cosa=0but y is
M1 Al

not identically zero. E1 (4)



5. ABCD is a parallelogram if and only if AB = DC , Bl

i.e.ifandonlyif b—a=c—d M1

which rearranged gives a + ¢ = b + d as required. (*) A1 (3)

Further, to be a square as well, angle ABC = 90°, and |AB| = |BC]|. M1
Thus [c —b| =|b—aland (c —b) =arg(b—a)+90°,so c—b=i(b—a). Bl

Soa+c=b+d and ia+c=(i+ 1)b,andthus a(l —i) =d — ib yielding

a(1—i)(1+i) = (d—ib)(1+1) , hence a = ((1—ib+ (1+i)d) andso
c=b+d—s(A-Db+1+0Dd)=(A+0Db+(1-0)d)

So i(a—c) = iE((1—i)b+(1+i)d)—%((1+i)b+(1—i)d)] = i[-ib+id] =b—d B1(3)

(alternatively, ABCD square < ABCD parallelogram B1 & diagonals equal length and
perpendicular Bl < i(a—c¢) =b—d B1(3))

(i) angle PXQ =90°, and |PX| = |XQ]| so, replicating result with ABC in stem, M1

q—x=ilx—p) Al so 1+idx=ip+q,1-D)A+Dx=0A-0)(ip+q), M1 and hence
2x=1+Dp+(1—-i)g and x=%(p(1+i)+q(1—i)) Al (4)

(i) From the stem, XYZT is a square ifand only if i(x —2z) =y —t,andx+z =y +t B1B1
= i(%(p(l +)+q(1—0)) (A +D)+s0- i))) = (q+D+r(1-D) -5 (sQ+D+
p(1—10) M1A1A1

opi-1D+qA+d)+r(1-)—-s@+)=pi—-Di+qA+i)+r@Q—i)—s(1+1i)which
is trivially true  M1A1 (7)

and

~(PA+ D) +q1-D)+(rA+D) +sA-D) =2(qU+ D +rA— D) +5 (s + D+
p(1—10) M1 A1l

Sip—ig+ir—is=0 ©p+r =q+s soPQRSisa parallelogram. B1 (3)



6. fr®)>0for 0<t<x, = [°f’(t)dt>0 where 0 <ty <x, Bl

So [f'(D] >0 andthus f'(ty) — f'(0) >0 ie. f'(ty) >0
M1 Al Al

Repeating the same argument for f'(t) thus gives f(t) >0  E1(5)

(i) Let f(x) =1 — cosxcoshx M1

then f'(x) = sinxcoshx — cosxsinhx M1A1l

and f"'(x) = cosxcoshx + sinxsinhx — cosx coshx + sinx sinhx = 2sinx sinhx Al
f(0)=0 and f'(0) =0

For 0 < x <m,sinx >0 and sinhx >0 so f"'(x) > 0 and so thisis true for 0 < x < /2 in
particular. B1

Hence by the stem, 1 —cosxcoshx >0 for 0 <x <m/2 i.e. cosxcoshx <1 asrequired.

(*) A1 (6)

(i) Let g(x) = x? — sinx sinhx M1

then g'(x) = 2x — cos x sinh x — sin x cosh x Al

and g"(x) = 2 + sinx sinhx — cos x coshx — cosx coshx — sinxsinhx =2 — 2 cos x cosh x
Al

Thus g"(x) = 2f(x) where f(x) is as defined in part (i).

g(0) =0 and g'(0) =0 and from part (i) g"'(x) > 0for 0 <x <m/2 ,s0 x?> —sinxsinhx > 0
for0<x<m/2. E1

As x? > sinxsinhx andfor 0 <x <m/2, as x>0, sinx >0, sinhx >0

sin x

then

E1 (5)

sinh x x
Let h(x) = sinx coshx — x M1
then h'(x) = cosx coshx + sinxsinhx — 1
and h"(x) = —sinx coshx + cos x sinh x 4+ cosx sinh x + sinx coshx = 2cosxsinhx Al

h(0) =0 and A'(0) =0 and h"(x) >0for 0 <x <m/2 , so sinxcoshx —x >0 for
O<x<m/2. El



As sinxcoshx > x andfor 0 <x <m/2, as x>0, sinx > 0,coshx >0

sinx 1

then >

Al (4)

coshx



7. (i) P,QP, = P,QP; vertically opposite angles E1l
P,P,Q = P,P,P, same angle, = P; P;P, angles subtended by chord P;P,, = QP;P, same angle E1

Thus AP;QP, issimilarto AP,QP; E1 astwo angles, and hence three, are equal. E1

So ngQ = ZZ—PQ and therefore, P;Q - QP; = P,Q - QP, asrequired. (*) Bl cso (5)
4 3

(i) If q is the position vector of the point Q,asQ lieson P;P;, q = p1 + A(p3 —p1) M1
where 1 #0,1. So q = (1 —A)p; + 1p3 Al

Similarly, as Q lieson P,P,, q = (1 — p)pa + up4 where u #0,1. Bl

Equating these expressions we have (1 —A)pq + Ap3 = (1 — u)p, + up,4 and re-arranging, M1
1-Dp1— A —wpz+Aps —ups =0, Al

and thuswith a; =1—-14, a, = —(1 —pu), a3 =1, and az = —u, none of which is zero,
Yiia;=0 Al and Y} ap; =0 (6)

(iii) If ay + a3 =0,then a, +a, =0,andso ap1 + az;pz —a1P3 —a,ps =0 E1

which means that a;(p; — p3) = a,(p4 —pP) . B P;P; and P,P, are non-zero as the four
points are distinct, and are non-parallel as they intersectat ¢ . E1 Thus a; = a, = 0 and hence
a, = a, = a3 = a, = 0 which contradicts (*). E1 (4)

ai1p1+asps as(p3—p1)

PTI P11t Taita, and so the point with this position vector lieson P;P; . E1
+ - + + . . .
Also 2aP1¥asps _ —(GaP2*asPs) _ GaPatabs 04 oo by the same argument, the point with this
a;+az —(az+ay) ar+ay

position vector lies on P,P, and hence is the point of intersection Q . E1 (2)

as a ay

. —_— . . S —— . az
As P1Q - QP; = P,Q QP4,a1+a3P1P3 a1+a3P1P3—a2+a4P2P4 a2+a4P2P4 M1
. a, az 2 . Qz44 2
Thatis == (PyP3)* = rar)? (PP)* Al

andas (a; + a3) + (a; +a,) =0, a;az(P1P3)? = a, a,(P,Py)? (*) Al (3)



kn+1_1

Z f)=f&™ + fk™+1) + -+ f(E™1 = 1)
r=km
fE™) > fFk™+1) > > f(E" = 1) > (k™) M1

Thus
[+ = 1) = (k" = DI ) < T () < [ = 1) = (6" = DIF ™) M1

[k = 1) = (e = DIF ™D = R+ = k() = kn(k = D) M1

and similarly [(k™*1 —1) — (k™ — D]f (k™) = k"(k — 1)f (k™) so

kn+1_1

k(e — Df (k™) < Eisen ' f@) <k™(k— Df(K™)  (*) AL (4)

as required.

(i) Applying the result of the stem with f(r) = 1/,« , k=2, Bl and

2N+1_1 2114 221 2N+1_1

z 1= z I+ Z Ut ot z 1/,
r=1 r=20 r=21 r=2N
M1
SO
oN+1_q
Y Yp<22@- 1) (Vo) + 2@~ D (V) + o+ 2% = 1) (Y,0)
r=1
M1
and
N+1_q
Z Ur>20@-1)(Yp)+2'@ -1 (Yye) ++2"@ = 1) (Yynar)
r=1
M1
i.e.
u<2Ni_11/r<N+1
2 r=1

(*) A1 (5)



(00

N+1
Zl/r>—2

r=1
forany N and hence the sum };2; 1/r does not converge.  E1 (1)

(ii) Applying the result of the stem with f(r) = 1/r3 , k=2, and

oN+1_4 214 22_1 oN+1_4
Z 1/7«322 1/r3+z 1/T3++ Z 1/7'3
r=1 r=20 r=21 T=2N
M1
oN+1_4
Z 1 5<202=1) (V) + 22 = 1) (Yps) + -+ 272 = 1) (Y an)
r=1
M1
1 1/22N+2
et =
22
Al
aking the limit as /e ST == 15

(iii) S(1000) is the set of 3 digit numbers in which each digit can be 0,1,3,4, ... ,9 excluding 000,
soithas 9% — 1 elements. E1 (1)

If f(r)= 1/7« for integer r unless r has one or more 2 s in its decimal representation in which
case f(r) =0 ,then M1

101-1
Zf(r)<(9—1)><1
r=100°
Al
10%2-1
Z (1) < (9% —9) X = = 9(9 — 1) X —
fr 10 10
r=101
103-1
Z F(r) < (97— 9%) X —— = 92(9 — 1) X —
” 10° 102
r=

and so on



2
so a(n) < 8(1 +110+ (1%) + ) = 189 = 80 as required.

10

Al M1 (*) A1 (5)



_kt—1+e‘kt 1—e7kt

r= + u
k2 BT g
_1ca—kt —kt _a—kt
=%=kll<; kek “zli g + e Kty M1 A1 (2)
dv _ ke™® —kt —kt —kt
=== g—ke T tu =e g —ke™u M1 A1l

ma = me ¥'g — mke Xu = mg — m(1 — e ¥*)g — mke™*u M1

_a—kt
! i g+ e‘ktu) = mg — mkv M1 re-arrange and substitute A1

=mg—mk(

which verifies the equation of motion is satisfied, and

_ 0 _a0 _a0
t=0=r="2 :{:e g+ : ke u=0and v= 1Teg + e%u = u the initial conditions are satisfied.
B1 (6)
—0 KT —1+e T +1—e-kT _ 0
1= - — =
r.j 2 g K usina
M1 substitute
Thus
(1-e*T) uksina = (kT — 1+ e ¥T)g
So
_ (KT — 1+ e7KT) kT
uksina = (1= o-¥1) =<1_—e_kT—1)g
M1 re-arrange *Al (3)
At time T, it is at the level of projection, and so is descending. El
Thus
1—e KT _ .
. __V.]'_Tg—ekTusma_(ekT_l)g .
anf = vii e XTucosa ~ ukcosa ana
M1 Al (3)
as required.
KT :
et —1 uk sina
tanf —tana :Q—Ztana -5 (ekT—1) -2
uk cosa uk cosa g

(\"



So

tanf —tana =

g KT _ _ ( kT _ )
ukcosa<(e 1) 2 1 — e kT 1

M1 substitute

=—— a(“i mp— ((ekT —1)(1—-e*T) -2 (kT -(1- e-kT)))

_ g
~ ukcosa(l — e kT)

[eT — 1 — 1+ e7¥T — 2kT + 2 — 2e7KT]

M1 algebraic manipulation

2 KT _ ,—KkT 2
8 [e Ze —k] g (sinh KT — KT) > 0

~ Ukcos a(1 — e~kT) ~ ukcos a(1 — e~kT)

Al (4)
by the assumption and hence tanf > tana

Thusas a and 8 are both acute, § > « . M1A1(2)



10. Tension in PXis %x , tension in QY is %y , Bl

and the compression in XY is @ . Bl
So
d?x Ax Alx+y) A2x +y)
m—=——— = —
dt? a a a
M1 (*) Al (4)
as required.
d’y  Ax+2y)
M a
B1 (1)
So
d?(x—y) (d*x d*y\  Ax-y)
e T ™A aer) T a
M1
d*x—y) _ _Alx—y)
dt? ma
i.e.
d*(x —y)
4z —w?(x =)
Thus
x—y =Acoswt + Bsinwt
M1 (*) Al (3)
t=0,x=0,y = ! dx—O dy—O
CAERYE T e T A
M1
50§a=A,and 0=wB=B=0 Al (2)
That is

1
x—y=§acosa)t



Similarly

d?(x +y) _ 3A(x + y)

= —3w?
dt? ma w*(x +)

M1

x +y = C cos V3wt + DV3sin wt

Al (2)
t=0x=0y=—2a,%20,%_y
CUrERY =T T A
So-%a:C,and 0=vV3wD=D=0 M1
That is
1
x+y=—§acosx/§a)t
Al (2)
So
1
y = —Za(cos V3wt + cos wt)
M1 A1
To return to the initial position, y = —%a , and so
2 = cosV3wt + cos wt
for some t. M1

This is only possible if 1 = cos V3wt and 1 = coswt . M1
These require V3wt = 2nm and wt = 2mm for non-zero integers n and m. Al

For this to occur V3 = %, which is impossible as V3 isirrational. Hence it cannot return to its

initial position. E1 (6)



11.

Resolving vertically
T4,cosa —Tgcos f =mg
M1 Al
(or alternatively,

T4 cosa + Ty cos(180° — B) = mg
if other diagram is drawn, which is algebraically equivalent)
Resolving radially inwards

Tysina + Ty sin B = mw?xsina

M1 A1l

T, sina + Ty sin(180° — B) = mw?x sina

again algebraically egivalent)



Solving simultaneously,
T, cosasinf + Ty sina cos B = mg sin f + mw?x sin a cos B
M1

(g sin B + w?x sina cos B)
sin(a + B)

TA:m

Al
and similarly,

(w?xsina cosa — gsina)
sin(a + B)

TB=m

A1(7)

As Tg >0, w?xsinacosa — gsina >0, (w?>xcosa — g)sina >0 andas sina >0,
M1

w?xcosa—g =0 ie. w?xcosa = g asrequired. (*) Al cso (2)

By the sine rule, .d = .h >has siny<1,andso d=hsina. M1A1
sina siny

(Alternatively, the shortest distance of B from the line through AP is that perpendicular to AP which
is hsina,andso d = hsina)

Therefore, h? cos? o< = h? — h?sin? @ > h? — d? andso hcos « > VhZ —d? . M1 (*) Al (4)

If w?xcosa =g, then
(gsinB +w’xsinacosB)  (gsinf +gtanccosf)  mg

T,=m =m =
A sin(a + ) sin(a + ) COS
M1 A1l

Vh2-d2?
h .

As «> 0, cos « < 1, and we have shown that cos « > M1

1 h mg mgh

< — <
So 1< oo = T and hence mg < s = T2 M1
ieemg <Ty < \/% Al (5)

Equality in the upper bound occurs when siny = 1, that is when AP and BP are perpendicular.

M1 A1 (2)



b P <my =l @ <em =t e p(r<emy=t

But P(Y < yp,,) =% and so y,,, = e*m Al (2)
i) P <y =PEX<y)=PK<Iny) =[""f(x)dx M1 A1

Substituting x = Int, flnyf(x) dx = f_yoo f(nt) %dt so the probability density function of Y is

0
Mwhere —0o<y<oo, M1 A1l (4)

For the mode 1 of Y, 4 (f(lny)) =0 when y=1. M1
ay\ 'y

yf'(n y)%—f (ny)

Thus, 32 =0 when y =1 and hence f'(In1) = f(In1) M1 (*) A1 (3)
—(x—u—crz)z/

L (202)
. N 2 2
(iii) g is the pdf of X~N(u + ¢4,04) and hence

~(x-p-0?)*
1 oo ( ) /(20'2)
j e dx =1
oV2TTJ_
E1 (1)
—(x—p)?
(202)
_ (o fdny) _ 1
E(Y) = fo = dy where f(x) =-—=e¢
—~(ny-u)? —(t-p)?
(202) (202)

_ 1 o _ 1 oo t . . .
So E(Y) = o J, e dy = — L.e etdt using the substitution
y=Int M1 A1

s . —(t—p)? _ —(t?-2ut+p?-20%t) _ —(e2-2t(u+o?)+p?)

The exponent of e in this integral is 27 +t= 20?) = 207) =

—(t—(,u+02))2+2u02+04
(20?)

M1

2uo’+ot

s 2 1
Thus the required integral, by the explained result equals e (20?) = e"*2%° (*) AL (4)

~(-)?
T /(262)
1

(iv) Using the result from (ii), with f(x) = prAd ,
—(In2-p)? —(InA-p)?
(202) (202)
1 (InA1—p) 1
e

O'\/ZT[._ o? oV2an

M1 A1l



Thatis —(In1— ) = 62,andso 1 = et~9" Al (3)
1
As x,, = 4 M1 we have from (i) y,, = e*m = e# Al and from (iii) E(Y) = P (2)

1
eh=0" < ek < e"*3%” andso A < VYm < E(Y) E1(1)



13. () P(IN=0)=1 and P(N =r wherer #0) =0, M1
So PGF=P(N=0)+tP(N=1)+t?P(N=2)+-=1 A1(2)

(ii) PGF = P(N =0) +tP(N =1) + t?P(N = 2) + --- and this is exactly the same as at the
start of the whole game as nothing was scored in the first round, i.e. G(t) M1 A1 (2)

(iii) The pgf conditional on increasing the score by one and continuing to the next round is tG(t)
as the probability of each total score plus one is whatever the probability of the total score was
before the first round. M1 A1 (2)

Hence, as one if these three things must happen on the first round, E1(1)
Gt)=ax1+bxG(t)+cxtG(t)

Thus G(t) — bG(t) —ctG(t) = a,andso, G(t) =a(l—b—ct)"! M1A1

-1
Gt)=a(l—-b—ct) '=a(l-b)"? (1 + ( —ct ))

1-b
The coefficient of t™ is a(1 — b)‘?*. (ﬁ)n = % so P(N=n)= ﬁ as
M1 A1 (*) A1 (5)
required.
(iv) u=EN)=G"(1) M1
G =a(l—=b—ct)™! so G'(t) =ac(l—b—ct)™?,andso M1 A1l
u=G6'1)=ac(l—-b-c)y?=aca?®=c/a Al (4)
Soc=upua andthus h=1—a—-—c=1—a—ua ,so M1 A1
P(N =n) = ac® a(uayt S i i TS required.

(1-p)n+1 - (1—(1—a—ya))n+1 - (a+pa)n+1 - an+t1(1+p)n+1 - (1+p)n+1

M1 (*) A1 (4)



